In this paper, a class of discrete vertical and horizontal transmitted disease model under constant vaccination is researched. Under the hypothesis of population being constant size, the model is transformed into a planar map and its equilibrium points and the corresponding eigenvalues are solved out. By discussing the influence of coefficient parameters on the eigenvalues, the hyperbolicity of equilibrium points is determined. By getting the equations of flows on center manifold, the direction and stability of the transcritical bifurcation and flip bifurcation are discussed.
Introduction
The SIR infections disease model is an important model and has been studied by many authors [1] - [8] . The basic and important research subjects for these systems are local and global stability of the disease-free equilibrium and the endemic equilibrium, existence of periodic solutions, persistence and extinction of the disease, etc. In recent years, the study of vaccination, treatment, and associated behavioral changes related to disease transmission has been the subject of intense theoretical analysis [4] [9] [10] [11] [12] . In 2008, Meng and Chen [13] β , where I is the proportion of infectious individuals and β is the contact rate. The infectious recover (i.e. acquire lifelong immunity) at a rate r, so that 1 r is the mean infectious period. The constant p, q, 0 < p < 1, 0 < q < 1, and p + q = 1, where p is the proportion of the offspring of infective parents that are susceptible individuals, and q is the proportion of the offspring of infective parents that are infective individuals. In their work, the basic reproductive rate determining the stability of disease-free equilibrium point and endemic equilibrium point was found out and the local and global stability of the equilibrium points have been researched by using Lyapunov function and Dulac function.
Due to a lot of discrete-time models are not trivial analogues of their continuous ones and simple discrete-time models can even exhibit complex behavior (see [14] ), in this paper, we pay attention to the discrete situation of Equation (1) where n S , n I and n R represent susceptible, infective and recovered subgroups, n represent a fixed time. Under the hypothesis of population being constant size, the model is transformed into a planar map and its equilibrium points and the corresponding eigenvalues are solved out. By discussing the influence of coefficient parameters on the eigenvalues, we determine the hyperbolicity of equilibrium points. Further, we get the equations of flows on center manifold and discuss the direction and stability of the transcritical bifurcation and flip bifurcation.
Hyperbolic and Non-Hyperbolic Cases
In this section, we will discuss the hyperbolic and non-hyperbolic cases in a two parameters space parameter. In view of assumption that population is a constant size, i.e., 1 n n n S I R + + =
system Equation (2) can be changed into ( ) 
Rewrite Equation (4) as a planar map F:
It is obvious that this map has a disease-free equilibrium point ( ) 
Otherwise, the equilibrium point ( )
is an one of the following types: (See Table 1 ).
Proof. The Jacobian matrix of map (5) at ( )
And its eigenvalues are
From the assumption 0 1 b < < , we see that Table   2 ). Table 1 . Types of hyperbolic equilibrium point ( ) 
Proof. Performing a coordinate shift as follows:
and letting F  denote the transformed F, we translate equilibrium ( )
and discuss equilibrium point S . In the following we discuss the eigenvalues in two case, i.e., b β 
Transcritical Bifurcation of the Model
The following lemmas were be derived from reference [15] . , , , .
Having a non-hyperbolic fixed point, i.e., (9), we obtain the transformation ( )( )
with inverse ( )
which transform system Equation (5) 
where ( 
Rewrite system (12) in the suspended form with assumption 
where ( We now want to compute the center manifold and derive the mapping on the center manifold. We assume , ,
Substituting (16)into (15) 
Substituting (17) into (14), we obtain a one dimensional map reduced to the center manifold ( ) ( ) 
It is easy to check that ( )
0, 0 0,
The condition (19) implies that in the study of the orbit structure near the bifurcation point terms of ( )
do not qualitatively affect the nature of the bifurcation, namely they do not affect the geometry of the curves of equilibriums passing through the bifurcation point. Thus, the orbit structure of (18) 
Degenerate Flip Bifurcation of the Model
This section is devoted to the analysis for the case ( ) Proof. Performing a coordinate shift as follows
We translate equilibrium ( )
Therefore, we discuss equilibrium point ( ) 
where ( )( )
Therefore, we obtain the inverse of transformation (23) (
Therefore F ω  can be changed into the maps:
where ( )( ) 
Rewrite system (25) in the suspended form Therefore, this is a degenerate flip bifurcation.
Conclusion
Due to a lot of discrete-time models are not trivial analogues of their continuous ones and simple discrete-time models can even exhibit complex behavior (see [14] ), motivated mainly by Meng and Chen [13] considering a class of continuous vertical and horizontal transmitted epidemic model (1) under constant vaccination, we study a class of discrete vertical and horizontal transmitted disease model (2) under constant vaccination. By detailed studies, we found discrete model (2) has a flip bifurcation which did not occurred for continuous model. However, the result of flip bifurcation in current paper is a degenerate situation, for which the more in-depth research needs to be continued.
